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The assumption of irreversible adsorption of a reactant can lead to a structurally
unstable kinetic model. The structural instability is caused by the fact that two steady-
state solutions intersect in the bifurcation diagram of, for example, the degree of surface
coverage of one of the adsorbates vs. the partial pressure of one of the reactants. One of
the two solutions is a trivial solution, corresponding to a catalyst surface completely
covered with the irreversibly adsorbing reactant. The intersection point is a transcritical
bifurcation point. A structurally stable kinetic model is obtained if an arbitrarily small
desorption rate coefficient is introduced. Two examples are discussed in which a trans-
critical bifurcation point is encountered, that is, the total oxidation of ethene in three-way
catalysis and the chemical vapor deposition of refractory metals. The consequences of
the existence of a transcritical bifurcation point for kinetic parameter estimation and

reactor simulation are emphasized.

Introduction

For the design and control of catalytic reactors, the de-
pendence of the reaction rates of the global reactions on the
process conditions, for example, gas-phase composition, pres-
sure, and temperature, must be known. Usually an explicit
rate equation is constructed for this purpose. The latter can
be an empirical or semiempirical rate equation, such as a
power-law equation. More reliable kinetic models, however,
are based on the elementary reaction steps constituting the
catalytic cycle. Moreover, kinetic models based on elemen-
tary reaction steps provide insight into the reaction mecha-
nism under reaction conditions, which can be useful for
catalyst design and which may allow a certain extrapolation
beyond experimentally accessible process conditions
(Boudart, 1972). On the basis of a series of M elementary
reaction steps, the continuity equation for adsorbed species i
can be written as follows:
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with K the total number of species involved. The turnover
frequency N, is the number of times the reaction step j pro-
ceeds per second per catalytically active site (Boudart and
Djéga-Mariadassou, 1984). N; is a function of the degrees of
surface coverage of the different adsorbed species. In the
steady state, Eq. 1 forms a set of algebraic equations with the
degrees of surface coverage as the only unknowns for a given
gas-phase composition, pressure, and temperature. This set
of algebraic equations can be solved, either analytically or
numerically. Subsequently, the production rates for the gas-
phase components can be calculated from the degrees of sur-
face coverage. For the present article, the stability of the
steady state is important. A steady state is called locally sta-
ble if an infinitesimally small perturbation decays in time. If
the perturbation grows in time, the steady state is called lo-
cally unstable (Scott, 1991; Gray and Scott, 1994; Seydel, 1988;
Nicolis, 1995; Nayef and Balachandran, 1995). The local sta-
bility of a steady state can be easily determined from the
eigenvalues of the Jacobian matrix, evaluated at the steady
state that is considered. The steady state is stable if all eigen-
values are negative or have a negative real part. If one or
more eigenvalues are positive or have a positive real part, the
steady state is unstable. Closely related to the stability of
steady states is the occurrence of bifurcations, which are
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qualitative changes in the behavior of a system, for example,
the transition from a stable steady-state solution to an au-
tonomous oscillation. Another example is a change in the
number of steady states, often accompanied by ignition and
extinction phenomena and the occurrence of hysteresis (Gray
and Scott, 1994; Nayfeh and Balanchandran, 1995). The cal-
culations presented in this article were carried out with the
AUTO package (Doedel et al., 1994), which is especially de-
signed to allow the calculation and detection of bifurcation
points. The numerical method applied is a pseudoarclength
continuation method.

For catalytic reactions, the reaction mechanism may con-
sist of a large number of elementary reaction steps, which are
in general all reversible. To each reaction step corresponds a
reaction-rate coefficient, which is usually described in an Ar-
rhenius form, thus resulting in a large number of kinetic pa-
rameters. Most of these parameters are not known a priori
or, at most, within a certain range, for example from transi-
tion state or collision theory (Zhdanov et al., 1988; Dumesic
et al,, 1993). Therefore, the kinetic model is simplified, such
that only those kinetic parameters remain that are important
for describing the kinetic behavior at the process conditions
of interest. An evaluation of the statistical significance of the
kinetic parameters can be helpful in this context (Froment
and Hosten, 1981; Froment and Bischoff, 1990). Simplifying
assumptions that are often applied are the assumption of a
single rate-determining step and the presence of a most
abundant reaction intermediate (Boudart and Djéga-Maria-
dassou, 1984).

Objective

In this article, kinetic anomalies due to the simplifying as-
sumption that the adsorption step of a reactant is irreversible
are discussed. For example, significant associative desorption
of oxygen adatoms from a noble metal surface has not been
observed at temperatures below 700 K (Engel and Ertl, 1979;
Luntz et al.,, 1989). Thus, in most kinetic models involving
oxygen adsorption on a noble metal surface, for example, car-
bon monoxide or hydrocarbon oxidation, oxygen desorption
is omitted at these temperatures (Razon and Schmitz, 1986;
Ertl, 1990). Indeed, if taken into account in modeling experi-
mental data, the rate coefficient of oxygen desorption is found
to be statistically not significant, that is, not significantly dif-
ferent from zero. Nevertheless, the assumption may lead to a
structurally unstable kinetic model. A model is called struc-
turally stable if its qualitative features do not change upon
the introduction of a small model extension. Balakotaiah
(1996) studied structural stability of nonlinear convection-
reaction models, for example, by the introduction of axial dis-
persion of heat and mass to an ideal plug-flow reactor model.
Nibbelke et al. (1998) studied the structural stability of a
plug-flow reactor model with kinetically induced rate mulii-
plicity by the introduction of various model extensions in or-
der to reduce the infinite number of steady states predicted
for the unperturbed model to a finite number. Both refer-
ences deal with multiple steady states. In the present article,
the occurrence of a so-called transcritical bifurcation point in
kinetic models is discussed. First, the behavior of a simple
kinetic model is studied. Next, two examples are discussed.
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Table 1. Elementary Reaction Steps Considered for the
Reaction 4 + B - C

Elementary Reaction Step o Step No.
ki

A+ ZLA * i 1
kl
K

B+*—=B+* 1 )
K4

Kkl
Ax+ B+ —C+2+ 1 G
+
A+B~-C

o represents the stoichiometric number of the different reaction steps.

Kinetic Model

A simple kinetic model is developed for the bimolecular
reaction 4+ B — C. This reaction is supposed to proceed
according to the elementary reaction steps shown in Table 1.
The adsorption of both reactants A4 and B proceeds re-
versibly, while the bimolecular surface reaction (Step 3) is
assumed to be irreversible. The degrees of surface coverage
of A* and B*, 8, and 6, at the steady state can be calcu-
lated from the following two algebraic equations:

k{p.b. — ki6, — k{6,605 =0 @
kippb, — k365 — k{6,605 =0, 3)

where
6, =1—6,— 6. (4)

The following dimensionless groups are introduced:

Moy Me R K

il K]

o

Two situations are discussed. First, the adsorption of A4, re-
action step 1, is assumed to be irreversible, thus y = 0. Next,
the case for y different from zero is studied.

If the desorption of A is neglected, that is, y = 0, Eqs. 2—4
display two solutions. The first solution is a trivial solution,
corresponding to a catalyst surface completely covered with
A meaning 6,=1 and 8; =0, and therefore a reaction rate
equal to zero. The second solution corresponds to the follow-
ing surface coverages:

ad _a5—B+a ©
B—a’ =T 5

0=

and the following dimensionless turnover frequency for the
global reaction:

N B ad(ad— B+ ) -
= T a B

The trivial solution and Eq. 6 are shown in Figure 1 for 8,
as a function of a, that is, the dimensionless partial pressure
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Figure 1. Degree of surface coverage of A vs. the di-
mensionless partial pressure of A.

Stable steady states are represented by solid lines, unstable
steady states by dashed lines. For @ = a*, the model dis-
plays a transcritical bifurcation point and for a = 8, 84 dis-
plays a vertical asymptote. 8=1, y =0, and § = 0.1.

of A. Equation 6 and the trivial solution intersect for a = a*
= BA1+ 8). Beyond this point, Eg. 6 is no longer physically
realistic, as 6, > 1 and 85 < 0. For a = 8, 8, displays a verti-
cal asymptote. For a = B + 8, 6 displays a vertical asymp-
tote, as can be seen from Eq. 6. In Figure 1, locally stable
steady states, as discussed earlier, are represented by solid
lines, and locally unstable steady states by dashed lines. Only
positive solutions of 8, are shown. An unstable steady-state
branch with negative solutions of 8,, that is, the other branch
of the hyperbole, is found for « > B. For the investigated
kinetic model, the Jacobian matrix is a 2 X2 matrix and has
therefore two eigenvalues. The stable steady states are of the
node type, that is, both eigenvalues are real and negative.
The unstable steady states are of the saddle type as one
eigenvalue is real and negative and the other eigenvalue is
real and positive. For a < a*, that is, left of the intersection
point, the steady state corresponding to Eq. 6 is stable while
the trivial solution is unstable. Thus, steady-state solution (Eq.
6) will be established. In a steady-state calculation, however,
both solutions can be obtained, depending on the initial
guesses for 8, and 65 used for the calculation. For a > a®,
the steady state according to Eq. 6 is unstable, while now the
trivial solution is stable. Indeed, for @ > a* the only physi-
cally realistic solution is the trivial solution. At the intersec-
tion point, one of the eigenvalues of the Jacobian matrix is
exactly equal to zero. Thus, the Jacobian matrix is singular at
this point, that is, its determinant is equal to zero. Mathemat-
ically, the point along a steady-state solution branch at which
the Jacobian matrix has a zero eigenvalue, while all of its
other eigenvalues have nonzero real parts, is referred to as a
simple static bifurcation point. In case of a simple static bi-
furcation point, one can distinguish a saddle—node bifurca-
tion point from other static bifurcation points, that is, pitch-
fork and transcritical bifurcation points. At a saddle—node
bifurcation point, a single steady-state branch turns around,
and therefore locally no steady-state solution exists beyond a
saddle—node bifurcation point. At a pitchfork and at a trans-
critical bifurcation point, two steady-state branches intersect,
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as is the case in Figure 1. If on one side of the intersection
point, locally three steady-state solutions exist and on the
other side only one, the intersection point is referred to as a
pitchfork bifurcation point. If, locally, two steady-state
branches exist on both sides of the intersection point, the
intersection point is called a transcritical bifurcation point, as
is the case in Figure 1 (Seydel, 1988; Gray and Scott, 1994;
Nicolis, 1995; Nayfeh and Balachandran, 1995). Notice that
the two steady-state branches do not have the same tangent
in the intersection point. If the model equations can be solved
analytically, as is the case for the considered model, it is pos-
sible to determine the location of the transcritical bifurcation
point, that is, « = a* = BA1+ §), and thus the region of the
parameter space where the nontrivial solution is not valid. In
the development of more complex kinetic models and their
application for reactor simulation, an analytical solution is
often not possible and the continuity equations for the ad-
sorbed species, that is, Eq. 1, must be solved numerically.
The numerical calculation often fails if a singular point is
encountered, as many numerical methods require the Jaco-
bian matrix for their calculations, for example, Newton’s
method. The transcritical bifurcation point can be regarded
as an unsound feature of the kinetic model, which is the re-
sult of model simplifications.

Next, the behavior of the kinetic model represented by Egs.
2-4 is studied in the case where desorption of A4 is taken
into account, thus y # 0. In Figure 2, 6, is shown vs. a for
vy=10"% and y = 1072, as well as for the case in which oxy-
gen desorption is neglected, thus y = 0. For any positive value
of vy, the transcritical bifurcation point disappears, and in-
stead a stable and an unstable branch emerge. The stable
solution is the desired solution of the kinetic model. The in-
troduction of desorption of A4 leads to the unfolding of the
transcritical bifurcation (Seydel, 1988; Gray and Scott, 1994;
Nayfeh and Balachandran, 1995). After unfolding, the stable
part of the solution branch (Eq. 6) is connected to the stable
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Figure 2. Degree of surface coverage of A vs. the di-
mensionless partial pressure of A, calculated
by solving Egs. 2-4 for g =1, 6=0.1, and ¥
=0ory =103 or y =10 2, showing the un-
folding of the transcritical bifurcation point for
v >0.

Stable steady states are represented by solid lines, unstable
steady states by dashed lines.
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part of the trivial branch and the unstable part of the solu-
tion branch (Eq. 6) is connected to the unstable part of the
trivial branch.

The preceding discussion illustrates the concept of the
structural stability of a model. The transcritical bifurcation
point can only exist if certain requirements are met. A slight
change in the model, such as the introduction of a small rate
of desorption of A, destroys the transcritical bifurcation and
the structure of the model changes qualitatively. The model
is called structurally unstable, as it can be expected that in a
physical system there will always be imperfections that pro-
hibit the existence of the transcritical bifurcation point. In
mathematical literature, more examples of structural instabil-
ities can be found, such as the pitchfork bifurcation and the
degenerate Hopf bifurcation (Scott, 1991). Although these
structural instabilities cannot be observed experimentally,
they are important, as they divide the parameter space in
regions of different behavior.

A transcritical bifurcation point can unfold in two different
ways. The first was discussed earlier for y > 0 and is shown in
Figure 2. The second way of unfolding is shown in Figure 3
for y <0, although this situation is, of course, not physically
realistic. In this case, the stable part of the solution branch
(Eq. 6) is tied to the unstable part of the trivial branch and
the unstable part of the solution branch (Eq. 6) is tied to the
stable part of the trivial branch. As a result, two saddle—node
bifurcation points emerge, denoted by SN, and SN, at which
an unstable and a stable steady-state branch meet and merge.
At the saddle-node bifurcation points, one eigenvalue is
equal to zero.

It was shown that the kinetic model represented by Egs.
2-4 is structurally unstable if desorption of A is neglected,
and that the structural instability can be resolved by the in-
troduction of an arbitrarily small value of the desorption rate
coefficient of 4. The latter is not in contradiction to the ob-
servation that desorption is not observed experimentally at a
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Figure 3. Degree of surface coverage of A vs. the di-
mensionless partial pressure of A, calculated
by solving Eqs. 2-4 for =1, 6 =0.1, and v
=0 or y = —10 "3, showing the unfolding of
the transcritical bifurcation point for the phys-
ically unrealistic case that y <0.

Stable steady states are represented by solid lines, unstable
steady states by dashed lines. SN; and SN, are saddle~node
bifurcation points.
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given experimental condition, as a very small value of the
rate coefficient for desorption corresponds to a very large time
scale of desorption, much larger than that of the experiment.
For very small values of v, the calculated surface coverages
are indeed not affected by the desorption of A: for o < a*,
the stable steady-state branch follows the stable part of Eq. 6
almost exactly, and for « > a* the stable steady-state solu-
tion follows the stable part of the trivial solution almost ex-
actly. The general conclusion is that even if desorption of a
reactant can be neglected from a mechanistic point of view, it
may be important to take a very small desorption rate coeffi-
cient into account to ensure the structural stability of the ki-
netic model and robust numerical calculations.

Two examples are discussed below where transcritical bi-
furcations are encountered in modeling experimental data.

Example 1: Catalytic oxidation of C,H, with O,

A kinetic model based on elementary reaction steps was
developed for the total oxidation of C,H, by O, over a
Pt/Rh/CeO,/y-Al,0 three-way catalyst in the presence of
CO, and H,0. The details of this kinetic study are published
elsewhere (Nibbelke et al., 1997). The reaction steps that were
considered are shown in Table 2. Step (1) represents the irre-
versible molecular adsorption of oxygen on the noble metal
surface, followed in step (2) by its dissociation. At the investi-
gated temperatures, 463483 K, the desorption of oxygen can
be neglected (Engel and Ertl, 1979). Step (3) describes the
reversible molecular adsorption of ethene. Step (4) describes
the surface reaction between adsorbed ethene and oxygen

Table 2. Reaction Steps Considered for the Total Oxidation
of C,H, by O, over a Pt/Rh/Ce0O,/y ~Al,O; Three-Way
Catalyst in the Presence of CO, and H,0

Reaction Step o Step No.
k!
O, +* —0, * 3 (6]
K]

O, %+ % —20% 3 2
K

C,H, +* —=C,H, * 1 ©)]
K%

1 (4)

Kkl
C,H, * +60* —2CO, +2H,0+7+
C,H, +30,—2C0, +2H,0

o represents the stoichiometric number of the different reaction steps.

Table 3. Reaction Steps Considered for Refractory Metal
Deposition from Metal Hexafluoride (MF; = WF;, MoF,) and

Hydrogen
Reaction Step o Step No.
k!
MF; + 6 —> M(s) + 6F * 1 (D
ki
H, +2* —=2H+* 3 3)
K
&l 6 3)

Fx+Hx —>HF+2#
+
MF, +3H, ——M(s) + 6HF

o represents the stoichiometric number of the different reaction steps.
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atoms. Step (4) consists of more than one step and is there-
fore not an elementary reaction step. If it is assumed that the
rate-determining step of reaction step (4) is the oxygen-as-
sisted abstraction of the first hydrogen atom of ethene, the
rate of step (4) is first order both in 6y, and 6. If it is
assumed that 6, < 6, the model equations are very similar
to those of the case 4 + B — C discussed earlier, and thus
the model displays two solutions. The first one is a trivial
solution corresponding to a surface completely covered with
oxygen and a reaction rate equal to zero. The second solution
corresponds to the following expression for the turnover fre-
quency N [s~]:

: k{po k5
3kip,. . —kf i
B ( 2Pc,H, 1Poz) k{ ‘ k{p02k§
3kipe,u, = k{Po2 +3k% 3k3{pC2H4 - k{PoZ .
(8)

The transcritical bifurcation point, that is, the intersection
between the trivial solution and the nontrivial solution (Eq.
8), can be found by equating the nontrivial expression for 6,
corresponding to Eq. 8, to 1 or the nontrivial expression for
fc,u, to 0. Thus the following expression for the O, partial
pressure at the transcritical bifurcation point is obtained:

3k£k£Pc2H4

RO ©

Po,

For a given ethene partial pressure, the reaction rate is given
by Eq. 8 for oxygen partial pressures smaller than the value
calculated by Eq. 9. For oxygen partial pressures larger than
the value calculated by Eq. 9, however, Eq. 8 is no longer
valid. Instead. the reaction rate is equal to zero, correspond-
ing to the trivial solution. This must be taken into account in
modeling the experimental data because extrapolation of Eq.
8 to oxygen partial pressures larger than calculated by Eq. 9
is not allowed, as it leads to negative and therefore physically
unrealistic values of the turnover frequency. It must be no-
ticed that during regression analysis of the experimental data,
using a Marquard—Levenberg method (Boggs et al., 1992),
the location of the transcritical bifurcation point changes as
the values of the kinetic parameters change. To allow fast
discrimination between various rival kinetic models, the
steady-state continuity equations of the adsorbed species for
the various kinetic models are usually not solved analytically
but numerically. The incorporation of a very small oxygen
desorption rate coefficient for reaction step (2) of Table 2
then ensures robust calculations, as discussed before.

Example 2: Deposition of refractory metals from their
hexafluorides and hydrogen

In the literature (Creighton, 1994) a tentative mechanism
was proposed for chemical-vapor deposition (CVD) of tung-
sten films from tungsten hexafluoride and hydrogen on sili-
con substrates. The reaction steps that constitute this mecha-
nism are shown in Table 3. Step (1) represents the irre-
versible adsorption of the metal hexafluoride on the growing
metal surface into fluorine atoms and solid metal. The com-
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plete dissociative chemisorption of WEy is strongly exother-
mic, and therefore the adsorption step will be essentially irre-
versible at typical CVD temperatures (Creighton and Parme-
ter, 1993). Step (1) consists of more than one reaction, and
thus is not an elementary reaction step. Assuming that the
rate-determining step of reaction step (1) is the adsorption of
the hexafluoride on two adjacent surface sites, the rate of
this step is second order with respect to the degree of surface
coverage of empty surface sites. Step (2) describes the re-
versible dissociative adsorption of hydrogen. Step (3) de-
scribes the irreversible surface reaction between adsorbed
hydrogen and fluorine atoms. The same reaction mechanism
was used to arrive at an adequate quantitative description of
molybdenum deposition from MoF, and H,, after correction
for the simuitaneous reaction of MoF, and the silicon sub-
strate (Orij, 1997). Also in this case the dissociative adsorp-
tion of the hexafluoride on the metal surface is very exother-
mic, so that the adsorption reaction can be taken as irre-
versible.

As the adsorption of the metal hexafluoride and of hydro-
gen are second order with respect to the degree of surface
coverage of empty sites, 6,, and the desorption of hydrogen
is second order with respect to the degree of hydrogen sur-
face coverage, 6y, the model equations are different from
the case A + B — C and the first example just discussed. Still,
this model also displays two solutions. The first one is the
trivial solution, corresponding to 6 =1 and 6 = 0, and thus
a deposition rate equal to zero. The second solution corre-
sponds to the following expression for the metal deposition
rate N [s7!']:

N=
k{ké)PMFﬁ(k{PHZ —Sk{pMF(,)

kik$
671’1\4}76 + kﬁtpbl2 _3k{PMF(, + \/kg(k£PH2 “3k{PMF6)
3

(10)

where MF; is either WF, (Creighton, 1994) or MoF; (Orij,
1997).

The intersection between Eq. 10 and the trivial solution,
that is, the transcritical bifurcation point, is found for

k{
pMF§=§1prz- (11)

For a metal hexafluoride partial pressure smaller than the
threshold value calculated by Eq. 11 for a given hydrogen
partial pressure, the deposition rate is given by Eq. 10. For
MF; partial pressures larger than calculated by Eq. 11, the
deposition rate is equal to zero, corresponding to the trivial
solution. In contrast to the case A + B — C and the first ex-
ample, the nontrivial solution contains an imaginary part for
MF partial pressures larger than calculated by Eq. 11. Ex-
perimentally it is confirmed by data reported by Creighton
(1994) that the hydrogen partial pressure must be above a
threshold value, which follows from Eq. 11 at a fixed tung-
sten hexafluoride partial pressure, for deposition to occur.
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Conclusions

The assumption that the adsorption of a reactant is irre-
versible can lead to a structurally unstable kinetic model in
the case of a bimolecular surface reaction. The structural in-
stability is caused by the fact that the trivial solution, corre-
sponding to a surface completely covered with the irre-
versibly adsorbing reactant, intersects with the nontrivial so-
lution. The intersection point is called a transcritical bifurca-
tion point. If the partial pressure of the irreversibly adsorbing
reactant is smaller than the value corresponding to the trans-
critical bifurcation point, the nontrivial solution is stable and
the trivial solution is unstable, while the opposite holds for
larger partial pressures. A structurally stable kinetic model is
obtained if an arbitrarily small desorption rate coefficient is
introduced. The transcritical bifurcation then unfolds into the
desired stable and an unstable steady-state branch. A struc-
turally stable model is also obtained if an arbitrary small neg-
ative desorption rate coefficient is introduced, although this
is not a physically realistic case.

In the development of kinetic models and their application
for reactor simulation, the possible existence of a transcritical
bifurcation point should be kept in mind. For numerical cal-
culations, it is recommended to take a very small desorption
rate coefficient into account to ensure a structurally stable
kinetic model, even if desorption is not observed experimen-
tally and thus is not significant from a mechanistic point of
view.

In general it can be stated that the concepts and tools de-
veloped within the framework of nonlinear systems can pro-
vide new insights and allow to avoid numerical problems in
seemingly straightforward kinetic models and reactor simula-
tions.

Notation

kjf =forward rate coefficient of step j
k}’ =backward rate coefficient of step j
p; =partial pressure of component i, Pa
t =time, s
a* =q at which transcritical bifurcation point occurs
v, ; =stoichiometric coefficient of adsorbed species / in reaction step
J
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